Cosmological constant can be considered as the on-shell value of a top form in gravitational theories. In this context, we show that it is conserved charge of global part of the gauge symmetry, irrespective of the dynamics of the metric and other fields. In addition, we introduce its conjugate chemical potential, and prove the corresponding generalized first law of thermodynamics. We discuss how our new term in the first law is related to the volume-pressure term. In parallel with the seminal Wald entropy, this analysis suggests that pressure can also be considered as a conserved charge.
INTRODUCTION
One hundred years after introduction of the cosmological constant Λ, astronomical observations, as well as AdS/CFT correspondence, have put it in the heart of recent researches in gravitational theories. One line of research in studying this mysterious constant of nature is to introduce it by considering a (non) dynamical top form in the Lagrangian [1] [2] [3] [4] . Another line of research is studying the thermodynamic effects of this constant which resembles pressure in black hole solutions to gravity [5] [6] [7] [8] [9] [10] [11] [12] [13] (see also [14, 15] ). In this paper we combine these two lines of research. First, we review how Λ can originate from the on-shell value of a top form F . Then in the next section, we elaborate the global part of the gauge symmetry of the gauge field in this theory. Calculating the conserved charge of this symmetry (denoted by C), we show that Λ is proportional to C 2 . In the last section, we propose the conjugate chemical potential Θ for this conserved charge, and prove the generalized first law which enjoys an additional term Θ δC. After exemplifying the Kerr-(A)dS black hole, we discuss how Θ δC is related to the pressure term V δP in the first law. Review: cosmological constant from a top form Notation: [µ 1 µ 2 . . . µ p ] will be used to denote antisymmetrization of the indices {µ 1 , µ 2 , . . . , µ p } normalized by the factor 1 p! , as well as the standard notation for exterior derivative of a p-form a =
Here, we review how the cosmological constant Λ can be achieved from the introduction of a top form to the Lagrangian. For clarity, we choose the gravity to be the Einstein general relativity, L E = 1 16πG R. Nevertheless, the construction (and our analysis in the next parts of the paper) is essentially quite general and independent of this choice. In D-dimensional space-time, one can introduce a D-form F as the exterior derivative of a (D − 1)-form A, i.e. F = dA. Accordingly, the action can be modified by the standard kinetic term for this new gauge field
with the convention ǫ 01...D−1 = +1 for the Levi-Civita tensor. The gauge field kinetic term is explicitly
It is easy to find equations of motion as
in which the energy-momentum tensor T µν is
The second set of equations in (2) implies that
where we assume positivity of c and put a minus sign for later convenience. Substituting this solution into the first set of equations in (2) 
This result shows that, as far as the equations of motions are concerned, the cosmological constant can be introduced from the on-shell top form F . Note that in this approach parameter Λ can be positive or negative depending on the choice of sign for the kinetic term in (1) . Hence, to change the sign of the cosmological constant, one needs to change the sign of the kinetic term F 2 in the action (1) . Paying attention to (5), upper and lower signs correspond to positive and negative Λ respectively, and this (upper/lower sign vs. +/− Λ) will be followed.
Not surprisingly, putting the on-shell field strength F into the Lagrangian (1) does not reproduce the Lagrangian of Einstein-Λ theory of gravity [16] (actually it produces Einstein-Λ theory, but with a wrong sign for Λ). The reason is that in the construction above, the gauge field A is not a non-dynamical field, i.e. its momentum conjugate does not vanish off-shell. To make it a non-dynamical field, it is possible to add a boundary term to the action [1, 17, 18] 
This additional term is a surface term and does not change the equations of motion (2) . It can be easily checked that choosing generic time foliation of the space-time, the momentum conjugate vanishes off-shell. Consequently, the gauge field A µ1...µD−1 will be a nondynamical (redundant) field, and its equations of motion will be non-dynamical constraints. Imposing this constraints (putting the solution (4) into the Lagrangian (6)), the Einstein-Λ gravity is reproduced
Fortunately, our analysis in this paper is insensitive whether one chooses the gauge field to be dynamical (the action (1)) or non-dynamical (the action (6)). Hence, we will use the notation I to refer to anyone of these actions.
Λ IS CONSERVED CHARGE OF GLOBAL PART OF THE GAUGE SYMMETRY
By construction, F = dA, the gauge field in the action I enjoys the gauge freedom as the symmetry of the theory
In this section, we elaborate the following proposition.
Cosmological constant Λ is conserved charge associated with the global part of this gauge symmetry.
We will denote this charge by C. To this end, first we set up our tools for calculating conserved charges associated with the symmetries of the action I. Then, after introducing the "global part of the gauge symmetry", we calculate its conserved charge C and show that Λ ∝ ±C 2 . One can use different standard methods for calculating charge of a given symmetry. Specially, the standard Noether procedure suffices for the analysis here. However in order to provide necessary tools for the next section, the formulation we use will be the Lee-Wald covariant formulation of phase spaces [19] [20] [21] [22] (initiated and followed in [23] [24] [25] [26] ). Reviews on Lee-Wald covariant phase space formulation can be found in Refs. [27] [28] [29] . In the next section, we will focus on a specific method in this formulation, the "solution phase space method" (SPSM) introduced in Ref. [30] , which fits well to our analysis there. Interested readers can refer to [31] [32] [33] for reviews and applications of SPSM (and [27] as its precursor).
To begin, let us denote generators of diffeomorphism and gauge transformations by ǫ ≡ {ξ µ , λ}, where ξ µ corresponds to diffeomorphism, while λ is generator of the gauge transformations of A. Under this set of transformations, dynamical fields transform as
where L ξ represents Lie derivative along the vector ξ µ . In the Lee-Wald formulation, a charge variation can be attributed to an arbitrary ǫ. This charge variation can be calculated by a codimension-2 surface integration over a (D − 2) form k ǫ . Details of calculating k ǫ from a given covariant Lagrangian can be found e.g. in [32] . For our Lagrangian I, these standard computations give
with the notation h µν = δg µν ≡ g µα g νβ δg αβ for the metric variations, and δF ρ1...ρD ≡g ρ1µ1 . . . g ρDµD δF µ1...µD . It is worth mentioning that in computation of a generic k ǫ , the Lee-Wald symplectic structure (and consequently, the k ǫ ) remains intact under a shift of the Lagrangian by boundary terms as in (6) . This justifies our freedom to choose I to be either the action (1) or (6) .
Having calculated k ǫ , the charge variation δH of the generator ǫ is found by the integration
In the Lee-Wald formulation, ∂Σ is the asymptotic codimension-2 boundary of the spacelike (Cauchy) hypersurfaces Σ (i.e time foliations) of the space-time. Moreover, the relation above for δH ǫ is an on-shell relation. In other words, in order to find δH ǫ , a solution of the equations of motion as well as a (linearized) perturbation are needed as inputs of k ǫ in (10) . For an arbitrary ǫ, conservation and integrability of δH ǫ are not guaranteed. If δH ǫ is independent of the choice of hypersurface Σ, it is called to be conserved. If δH ǫ is variation of a charge H ǫ , i.e. δH ǫ = δ(H ǫ ), it is integrable. Fortunately for the ǫ which we will choose, δH ǫ is conserved and integrable, as we describe it now.
In the Lee-Wald formulation, conservation is achieved by imposing some fall-off conditions on the solutions and the perturbations (see e.g. [22] ). Nonetheless, there is a subset of symmetries whose charges are automatically conserved. This subset is called symplectic symmetry (crystalized in [34, 35] ). For a symplectic symmetry generator ǫ, k ǫ is closed on-shell, dk ǫ = 0, which makes the conservation of δH ǫ to be automatic (see e.g. [30, 32] as reviews). Moreover owing to the Stokes' theorem, ∂Σ in (11) can be relaxed from the boundary into the bulk Σ, denoted by a closed smooth codimension-2 surface S. One family of symplectic symmetries which we focus on here is the family of exact symmetries. An exact symmetry generator is an ǫ which does not transform the dynamical fields at all [30, 36] , i.e equations in (9) vanish for such an ǫ. For clarity, let us denote such an exact symmetry generator by η. Here, we single out one of the exact symmetries, the global part of the gauge symmetry.
Considering the set of closed gauge transformation generators dλ = 0, global part of the gauge transformation is defined to be η C ≡ {0,λ} in whichλ is the λ normalized by the non-zero constant S λ.
Notice that by dλ = 0 and Stokes' theorem, S λ is independent of the choice of S on a given Σ. However, we will show that it does not depend on the choice of Σ too. So, it is a constant. As a result, dλ = 0 implies that η C in the definition above is an exact symmetry δ η C A = 0. Note that one can always find such λ's; choosing any surface S parametrized by some coordinates (y 1 , . . . , y D−2 ), the (D − 2)-form λ = dy 1 ∧ · · · ∧ dy D−2 fulfills the conditions in the definition. Now, we are ready to calculate the conserved charge associated with the global gauge symmetry. To find δC ≡ δH η C , one should replace ǫ in (10) by {0,λ}. The result simplifies to variation of the standard Noether charge
where
Inserting the on-shell F µνρ3...ρD from the solution (4),
Recalling Λ = ±c 2 from (5) or (7), then
which is our main result in this paper. Now, it is a good time to see why S λ does not depend on Σ as well as the choice of a surface S on the Σ (so this (D − 2) dimensional integration yields a constant result). In the analysis above, if we had calculated δH for {0, λ} instead of {0,λ}, we would reach to the first equation in (14) , whereλ → λ. It shows that S λ is the charge of an exact symmetry {0, λ}, which is automatically conserved, and hence independent of Σ.
Λ in (15) is conserved irrespective of dynamics of the metric or the gauge field. This can have implications for the dynamics of the universe, e.g. protection of Λ by the gauge symmetry. In addition, promoting Λ to a conserved charge can lead to new insights on thermodynamics of the gravitational systems. In this latter direction, we will show how Λ enters the first law of black hole thermodynamics in the next section.
COSMOLOGICAL CONSERVED CHARGE IN THE FIRST LAW OF THERMODYNAMICS
Regarding Λ as a conserved charge, δΛ is expected to contribute to the first law naturally (in contrast with its orthodox role as a parameter in the Lagrangian). Here we propose a chemical potential conjugate to Λ which is defined independently of the first law. So, the δΛ term in the first law would be a non-trivial contribution.
To proceed, we invoke the SPSM which was advertised in the previous section. After introducing the chemical potential Θ , we reconsider the entropy as a conserved charge [20, 21] . Then based on these new proposals, we prove the first law of black hole thermodynamics in the presence of Λ. In the end, we show how Θ δC term is related to the pressure term V δP in the literature.
SPSM is a specification/relaxation of the Lee-Wald covariant phase space formulation in different aspects. Here, we mention two main aspects which are related to our analysis. The first aspect is concentrating on the symplectic symmetries instead of arbitrary ǫ. As mentioned, this specification makes δH ǫ to be automatically conserved. Besides, integrations can be performed on arbitrary S, closed codimension-2 surfaces smoothly deformed from ∂Σ into the bulk. In addition, focusing on exact symplectic symmetries removes the ambiguities in the definition of Lee-Wald charges. The second aspect in SPSM is "generalizing" the generator of the entropy as a conserved charge. In [20, 21] [37] , infinite number of horizon Killing vectors whose charges are the entropy of extremal black holes were found in the region near extremal horizons. Nonetheless, in the presence of electromagnetic gauge fields (with the gauge symmetry A µ → A µ + ∂ µ λ), integrability shows that the proposed Killing vectors (both for extremal and non-extremals) have missed a contribution from the gauge fields [30] . Ameliorating this in SPSM, the "generalized" exact symmetry generator ǫ = {ξ µ , λ} for the entropy is
In words, the Iyer-Wald generator
is accompanied with the global gauge transformation λ = 1 multiplied by the factor
, where Φ H is electric potential of the electromagnetic gauge field A µ on the horizon. We note that η S is an exact symmetry. So in SPSM, entropy S = H η S can be calculated on any surface S. This simplifies the proof of the first law, as we will show in a moment.
Having in mind that electric charge is the charge of the electromagnetic global gauge symmetry and Φ H is its conjugate chemical potential, we return to our action I, which has the gauge field A instead of the electromagnetic field A. The C in (14) is the charge of the global part of the gauge symmetry analogous to the electric charge. Using this analogy, one can have the following definition.
Conjugate chemical potential of C can be defined to be
In addition, generator of the entropy in this context is generalized to have a new term proportional toλ
